Introduction
Letting k be an algebraically closed field of characteristic zero, we let k [n] = k[x 1 , . . . , x n ] be the polynomial algebra in n variables, and A n = Spec k [n] be the affine space. The Cremona group Aut(A n ) is the group of automorphisms of A n , or equivalently, the group of k-automorphisms of k [n] . We define Aut * (A n ) as the subgroup of volume preserving automorphisms i.e.,
The groups Aut(A n ) and Aut * (A n ) are infinite dimensional algebraic groups [Sha66, Kam79] . It follows from [BB66, BB67] that the maximal dimension of an algebraic torus contained in Aut * (A n ) is n − 1. Moreover, every algebraic torus of dimension n − 1 contained in Aut * (A n ) is conjugated to the diagonal torus
is an LND on the polynomial algebra, then exp(t∂) ∈ Aut * (A n ), for all t ∈ k [Fre06] . Hence, ∂ belongs to the Lie algebra Lie(Aut * (A n )). In analogy with the notion of root from the theory of algebraic groups [Spr98] , Popov introduced the following definition. A non-zero locally nilpotent derivation ∂ on k [n] is called a root vector of Aut * (A n ) with respect to the diagonal torus T if there exists a character χ of T such that
The character χ is called the root of Aut * (A n ) with respect to T corresponding to ∂. Letting α = (α 1 , . . . , α n ) ∈ Z n ≥0 , we let x α be the monomial x α 1 1 · · · x αn n . In this note we apply the results in [Lie10] to prove the following theorem. This answers a question due to Popov [FR05] . Theorem 1. If ∂ is a root vectors of Aut * (A n ) with respect to the diagonal torus T, then
for some λ ∈ k * , some i ∈ {1, . . . , n}, and some α ∈ Z n ≥0 such that α i = 0. The corresponding root is the character
Proof of the Theorem
It is well known that the set Char(T) of characters of T forms a lattice isomorphic to M = Z n−1 . It is customary to fix an isomorphism M ≃ Char(T) and to denote the character corresponding to m by χ m . The natural T-action on A n gives rise to an M -grading on k [n] given by
is called homogeneous if it send homogeneous elements into homogeneous
Lemma 2. An LND on k [n] is a root vectors of Aut * (A n ) with respect to the diagonal torus T if and only if ∂ is homogeneous with respect to the M -grading on k [n] given by T. Furthermore, the corresponding root is the character χ deg ∂ .
Proof. Let ∂ be a root vector of Aut * (A n ) with root χ e , so that
We consider a homogeneous element f ∈ B m ′ and we let ∂(f ) = m∈M g m , where g m is homogeneous, so that
This equality holds if and only if g m = 0 for all but one m ∈ M i.e., if ∂ is homogeneous. In this case,
In [AH06] , a combinatorial description of a normal affine M -graded domain A is given in terms of polyhedral divisors, and in [Lie10] a description of the homogeneous LNDs on A is given in terms of these combinatorial data in the case where tr. deg A = rank M + 1. In the following we apply these results to compute the homogeneous LNDs on the M -graded algebra k [n] . First, we give a short presentation of the combinatorial description in [AH06] We define the M -graded algebra We turn back now to our particular case where we deal with the polynomial algebra k [n] graded by Char(T). First, we need to fix an isomorphism M ≃ Char(T). Let {µ 1 , . . . , µ n−1 } be the canonical basis of M . We define the isomorphism µ i → χ µ i , i ∈ {1, . . . , n − 1}, where
Since for every γ ∈ T we have γ n = γ
n−1 , the character mapping diag(γ 1 , . . . , γ n ) → γ n is given by χ −1 , where 1 := µ 1 + . . . + µ n−1 . Under this isomorphism, the algebra k [n] is graded by M via deg x i = µ i , for all i ∈ {1, . . . , n − 1} and deg x n = −1.
Let now {ν 1 , . . . , ν n−1 } be a basis of N dual to the basis {µ 1 , . . . , µ n−1 } of M . We also let ∆ be the standard (n − 1)-simplex in N Q i.e., the convex hull of the set {ν 1 , . . . , ν n−1 ,0}.
for some polyhedral divisor D on a smooth curve C. Since the weight cone σ ∨ of k [n] is M Q , the coefficients of D are just bounded polyhedra in N Q .
Since A n is a toric variety and the torus T is a subtorus of the big torus, we can apply the method in [AH06, Section 11]. In particular, C is a toric curve. Thus C = A 1 or C = P 1 . Furthermore, the graded piece B0 k and so C is not projective by (1). Hence C = A 1 .
The only divisor in A 1 invariant by the big torus is Let v i = ν i , i ∈ {1, . . . , n − 1} and v n =0, so that {v 1 , . . . , v n } is the set of vertices of ∆. For every λ ∈ k * , i ∈ {1, . . . , n}, and e ∈ M we let ∂ λ,i,e : Frac
for some λ ∈ k * , some i ∈ {1, . . . , n}, and some e ∈ M satisfying v j (e) ≥ v i (e)+1, ∀j = i . Furthermore, e is the degree deg ∂.
Proof of Theorem 1. By Lemma 2 the root vectors of k [n] correspond to the homogeneous LNDs in the M -graded algebra k [n] . But the homogeneous LNDs on A[D] ≃ k [n] are given in Lemma 5, so we only need to translate the homogeneous LND ∂ = ∂ λ,i,e | A [D] in Lemma 5 in terms of the explicit isomorphism given in Remark 4. Let e = (e 1 , . . . , e n−1 ) and i ∈ {1, . . . , n−1}, so that v i = µ i . The condition v j (e) ≥ v i (e)+1 yields e i ≤ −1 and e j ≥ e i + 1, ∀j = i. Furthermore, ∂(x k ) = ∂(χ µ k ) = 0, for all k = i, k ∈ {1, . . . , n − 1}, ∂(x n ) = ∂(tχ −1 ) = 0, and
where α i = 0, α n = −e i − 1 ≥ 0, and α k = e k − e i − 1 ≥ 0, for all k = i, k ∈ {1, . . . , n − 1}. Hence,
, for some λ ∈ k * , some i ∈ {1, . . . , n}, and some α ∈ Z n ≥0 such that α i = 0. Let now e = (e 1 , . . . , e n−1 ) and i = n, so that v n = 0. The condition v j (e) ≥ v n (e) + 1 yields e j ≥ 1, ∀j ∈ {1, . . . , n − 1}. Furthermore, ∂(x k ) = ∂(χ µ k ) = 0, k ∈ {1, . . . , n − 1}, and
where α n = 0, and α k = e k − 1 ≥ 0, for all k ∈ {1, . . . , n − 1}. Hence, ∂ = λ · x α · ∂ ∂xn , for some λ ∈ k * , some i ∈ {1, . . . , n}, and some α ∈ Z n ≥0 such that α n = 0. The last assertion of the theorem follows easily from the fact that the root corresponding to the homogeneous LND ∂ is the character χ deg ∂ .
Finally, we describe the characters that appear as a root of Aut * (A n ).
Corollary 6. The character χ ∈ Char(T) given by diag(γ 1 , . . . , γ n ) → γ
n is a root of Aut * (A n ) with respect to the diagonal torus T if and only if the minimum of the set {β 1 , . . . , β n } is achieved by one and only one of the β i .
Proof. By Theorem 1, the roots of Aut * (A n ) are the characters diag(γ 1 , . . . , γ n ) → γ β 1 1 · · · γ βn n , where β i = −1 for some i ∈ {1, . . . , n} and β j ≥ 0 ∀j = i. The corollary follows from the fact that γ 1 · · · γ n = 1.
